Remembering that cos[@ + g] = —sin(@) and sin[@ + %] = cos(@) , the following matrix is the three-

dimensional Givens Rotation from the y -axis to the z -axis (rotation counter-clockwise around the x -axis):

1 0 0
0 cos(@yﬁz ) cos (Gyﬁz +90° )
0 sin(6, ) sin(6, .. +90°)
1 0 0

0 cos(@zﬁz) cos[ﬂyﬂer

|

0 sin(ﬂyaz) sin[ew + g]

N |y

1 0 0
0 cos(@yﬁz> fsin(eyﬂz )
0 sin(@yﬁz) cos(@yﬁz )

This matrix rotates three-dimensional column vectors about the origin of the y — 2 plane:

y—z |z Y z
z 1 0 0
Yy 0 cos(ﬂy_,z) —sin(ﬂy_,z)
z 0 sin(ﬂy_)z) cos(9y_)z)

Similarly, the following is the three-dimensional Givens Rotation from the x -axis to the z -axis (rotation clockwise
around the ¥ -axis):

r—z T—2z

0 1 0
sin(0, ) 0 sin(6, . +90°)

cos(@xﬁz) 0 cos[@mﬁz + g]
0 1 0
]

2
cos(@maﬁ 0 —sin(@ )

r—z

0 1 0
sin(@ 0 cos(@ )

.17*?2) T—2z

cos(@ ) 0 cos(ﬂ +90°)

sin(@xaz) 0 sinf6, . +

This matrix rotates three-dimensional column vectors about the origin of the + — 2z plane:



T — 2z T Y z
v |cos(6,_.) o —sin(6,_ )
y 0 1 0
» |sin(6,..) o cos(6,..)

Notice that this is not the same as the traditional rotation matrix where we rotate around the y axis using the right-

hand rule (i.e. where we rotate in the opposite direction about the origin of the z — z plane). In other words, given

0 = —¢ and remembering that cos ( —¢) = cos((b) and sin ( —(b) = —sin (¢) , we have the following:

cos(@) 0 cos(9—|—900)

0 1 0

sin(ﬁ) 0 Sin(9+900)
cos((—gb)) 0 cos((—¢)+90°)

0 1 0
sin((—¢)) 0 sin((—¢)+90°)

cos(—gb) 0 sin[—(b + 5]

0 1 0
sin(—qb) 0 sin[—qb + g]
cos(—q’)) 0 —sin(—q’))

0 1 0
sin(—q’)) 0 COS<—¢)

cos(¢) 0 sin qS)

0 1 0

Lastly, the following is the three-dimensional Givens Rotation from the z -axis to the y -axis (rotation counter-

clockwise around the z -axis):



cos(@mﬂy) cos(@mHy + 90") 0
sin(0, ) sin(6,., +90°) 0
0 0 1

y)
n(0, ) [

0 0 1
cos ((91,%” ) —sin (‘gxay )
sin(ﬁwﬂy) cos(@wﬂy)

0 0

cos (HJH cos
s - sin
0
0
1

This matrix rotates three-dimensional column vectors about the origin of the x — y plane:

r—1Y z Y z
v | ocos(0,_,) —sin(6,_,) o
y sin(6,_,)  cos(6,_,) 0
z 0 0 1

Observe that given n dimensions, we have the following number of distinct Givens Rotation matrices:

(n—1)+(n—2)4-+1

S
(n-1)((n—1)+1)
(n—l)(2—1+1)

2
(n—1)(n)
n(n—l)
2

For instance, when we’re in three dimensions, we have n = 3 and n(n _ 1) = (3)((3) _ 1) = 3(2/) =3

distinct Givens Rotation matrices:



y—z | y 2 T — 2 z y 2
x 1 0 0 v |cos(6,_,) o —sin(6,_,)
y 0 cos(6,_.) —sin(6,_.) y 0 1 0
. 0 sin(6,_,) cos(6,_,) z sin(6,_.) 0 cos(6,_.)
and
Ty . y 2

T cos(@mﬂy) —sin(@zﬁy) 0

Y sin(@mﬂy)

COS(H

i)

T Y z
T r—=Y z—-z
Yy y—z
z

z Y =z

T 3 2

Y 1

z

We’ll leverage this order in a moment. Before that, let’s see what happens when we rotate the unit column vector

(1, 0, 0) using each of these Givens Rotations:



1 0 0 1] feos(6,..) 0 cos(6, . +90°))(1
0 COS(HZHZ) cos(eyﬂz + 900) 0 0 1 0 0
0 sin(0, .) sin(6, . +90°)J|0) |[sin(0, ) 0 sin(6, . +90°) 0
1 0 0 1 COS(etz) 0 COS[QZ'*,Z +g] 1
™

0 COS(GZ/HZ) COS[@sz + 5] 8 0 1 0 0
0 sin(ﬂy Z) sin[@yﬁz—i—g] , sm(ﬁxaz) 0 sin[ﬁwﬁz—i—g] 0 ,

1 0 0 1 cos(6,,,) 0 —sin(6, . )|[1

0 cos(6,_.) —sin(6,_.)[0 0 1 0 0

0 sin(6,_,) cos(6,_.) |0 sin(6, .) 0 cos(6,_.) ][0

1 cos(&xﬁz>
0 0
0 sin(ﬂxﬁﬁ
and
cos(0, ) cos(6, ,, +90°) 0|(1
sin(0, ) sin(6,.,+90°) 00
0 0 1|0

As expected, this simply extracts the first column vector from each Givens Rotation matrix. Because we’re
extracting the first column vector, we’ll only see 6 in those vectors ... we’ll never see 6 + 90° ; so for the Givens
Rotation matrices that modify (1, 0, 0) , COS ( 9) will always be in the z position and sin (0) will walk its way up
the remaining dimensions based on the order established above. For the Givens Rotation matrices that do not
modify (1, 0, 0) (it’s just that first matrix in three dimensions), those rotations do not impact the z position.

Looking back at our established order:




we see that the non- x rows cannot impact the x position. In this three-dimensional case, we see that the Givens
Rotation matrix associated with the y row cannot modify the = position. To make this a little clearer, let’s rotate

the arbitrarily positioned column vector (x, Y, z) :

1 0 0 T cos(6,_,) 0 cos(@mﬂz + 90") T
cos(@gHz) cos(ﬂyHZ + 900) Y 0 1 0
sin(&yﬁz ) sin(ﬂyﬁz +90° ) z sin(@mﬁz ) 0 sin(@zﬂz +90° ) Z

1 0 0

by cos(ﬂxaz) 0 cos[@wﬂz—i—g] I
™
0 cos(ﬁyﬁz) cos[@zﬁz+5] Y 0 1 0 y
0 sin(&ygz) sin[Gyaz—i—g , sin(ﬁxaz) 0 sin[@wﬂz—i—g] ,
1 0 z cos(&mgz) 0 —sin(@waz) x
0 cos(6,,,) —sin(6,_. )|y 0 1 0 y
0 sin(@gHz> cos(@yﬂz) z sin(@aHZ) 0 cos(@wﬂz) z
z xcos(&xﬁz) - zsin(ﬂﬂHZ)
ycos(@yﬁz)—zsin(Gyﬁz) Yy
ysin(ﬁyHZ ) + zcos(@yﬂz) msin(ﬁgﬁz) + zcos(@xﬁz)
and
cos(0, ) cos(6, , +90°) 0}z
sin(ﬁxﬂ/) sin(GxHy+9O°) Ofly
0 0 1
cos(@aw’l) cos[@xﬂ/—i—g] 0 )
sin(@mﬁy) sin[@xﬂy—l—g] 0|y
0 0 1
cos(&xﬁy) —Sin(@ﬁy) Ol
Sin(@ﬁy) cos(@mwl) Olly
0 0 1|2
mcos(ﬁxﬂ/)—ysin(ﬁxay)
xsin(@mﬂj ) + ycos(@way)
z

We immediately see that rotating (ac, Yy z) about the y — 2z plane (multiplying by the first Givens Rotation matrix)

does not impact the z position ... and only impacts the y and z positions if y = 0 or z = 0 ... which only



happens when we have a column vector off of the x -axis. For the column vector (7”, 0, 0) on the x -axis, rotating

about the y — 2 plane (multiplying by that first Givens Rotation matrix) has no effect ... we’ll still have (r, 0,0)

after that multiplication.

This brings up the question: given the column vector (7’7 070) where 7 = \/2* +y*> + 2* and r > 0, canall

column vectors (:Jc, 7, z) be recovered using just these Givens Rotation matrices?

First, we’ll start by using all the Givens Rotation matrices in our established order ... and notice that the first Givens
Rotation matrix doesn’t really help out that much:

3 2 1
cos(@xﬁy) —sin(@mﬂy) 0 cos(@JHz) 0 —sin(@xﬁz) 1 0 0 r T
sin (6, 7) cos(@xﬁy) 0{ 0 1 0 ]0 cos(ﬁyaz) —sin(@le) 0| = |y
0 0 1)(sin(6, ) 0 cos(6, )]0 sin(6,_.) cos(6,_.) |0
3 2 1
cos(@aéy) —sm(@JHy) 0 COS(OJHZ) 0 —sm(GJHZ) 1 0 0 r z
sin 01%1/ cos(ﬂwﬂj) O[ 0 1 0 J 0 cos(@yﬁz) —sin Hyﬁz) 0 = |y
0 0 1 sin(@laz) 0 cos(@l,%z) 0 sin(@wz) cos(@yﬂz) 0 z
3 2
cos(@Tﬁy) —sm(@lrﬁy) 0 cos(@yﬁz) 0 —bm(@Tﬂz) r x
sin 91%11) COS(QJHU) 0 t 0 1 0 J =
0 0 1 sin(ﬂxﬁz) 0 cos(@m Z)
Then, we have:
3 2
cos(@mﬁy) —sin(ﬂyﬁy) 0 cos(ﬁmﬁﬁ 0 —sm(ﬁyﬂz) r T
sm(ﬁyHy COS(Q]Hy) 0{ 0 1 0 0] = |y
0 0 1 sin(HT Z) 0 cos(HT Z) 0
cos(@xﬁy)cos(ﬁxﬁz) —bin(ﬁzﬂy) COS(GTﬁy)bIH(axﬁZ> r T
sin(0,_,, |cos OQHZ) cos(ﬂxﬁy) sin Hzﬁy)sin(ﬁzﬁz) 0| = |y
sin(6,_, 0 cos(@waz) 0
rcos(ﬁxﬂ/ )COS(HJHZ ) T
rsin(ﬂxﬂ/)cos(eﬂaz) = |y
Tsin(HTHZ) z

Forr:\/m2+y2—|—z2,r:Oimpliesa::O, y=0,and z = 0, so given r = 0, we have:



So, we can recover the column vector (O, 0, 0) .

Given r = /2% + y* 4+ 2% with 7 > 0 and —90° <6, < 90°

Tsin(el,%z)
(\/x2 + ¢ + 2 )sin(@waz)

sin(@ar%z )

S
|

Moreover, since arcsin(w) = arctan

] , we also have:

w
V1 — w?

arcsin

|
o 00 oo o v w 8

, we have:

z

z

z

[mQ_i_yZ +22

z

]



arcsin [

arctan

arctan
arctan

arctan

arctan

[mZ_i_yQ +22

Y

x

Remember: arctan

z

\/1’2 + y2 + 22

I
J

\/xz —|—y2 —|—z2\/

z

z

\/1’2 + y2 + 22

-
\/a:2 + y2 + 22

2? +y + 27

2? +y + 2P

z?

2+ + 2
z

a:2+y2 +/[—/
a:2—|-y2 + 22
Vz© + ¢

3l;y§+22

2

U+ z

z

N z? + y2

]is atan2( y, x ) inC/C++and ArcTan[ x, y ] in Mathematica.

Given r = yJ2? + 9> 4+ 2% with » > 0, —90° < 6., <90°, and remembering that

cos(arctan(w))
1+ w?

and sin (arctan ( w ) )

w

V1+ w?

= ,if 6, , we have:

, = arctan[

z
\/1‘2 + y2



sin(@ﬁﬂz)
cos(@mﬁz) sin[arctan[ QZ -
z Tt +y
cos| arctan | ———
[ [\/fﬁ2 +y° z

1 /x2+y2
z
14| 2 Y
2 + 42 /$2+y2
1 z
and —_—
\/x2+y2 22 x2+y2
2 +yt 2t 4y \/m“’ + g 22
1 2+ 24P
z

[\/xz +y° + 2
Vol + 4 m\/x2+y2+z2
oy N

\/x2+y2+z2 2

\/1’2 +y2 + 22

Given r = \J2% + y2 + 2% with r > 0 and —180° < QIHU < 180°, since

z 2, z? + y2 . z
cos| arctan | ————|| = ——=—=,if 0, , = arctan| ————=, we have:
/$2 ty? /mz Tyt 22 /mz Ty
rsin(@zﬂy )cos(@xﬁz ) = ]
rsin(@zﬁy)cos arctan[; = Yy
N, 22 + y2

( $2+y2+z2)sin(9mﬂy)[— M] _ y
Y NEpv
3l;yé + 22

. Y
sin (6, ) -
T Y
0 = arcsin Y
=y 22 + y2

Moreover, since arcsin(w) = arctan

] , we also have:

w
V1 — w?



Ty

0 = arcsin [

=)

Y

Y
242
1[
/mz—i—yZ
Y

= arctan

2

_

= arctan - -
2
z° +
m2+y2\]2 y2_ 2y 2
5ty 5 +y
Y
= arctan
2
z° + -
mz—i—yz 2/ 23/
5+ vy
= arctan Y —
+y27132
2
+y

= arctan

= arctan 2]
T

Given 7 = 2 + y2 + 2% with r > 0, —180° < GgHy < 180°, and remembering that

cos(arctan(w)) = 1 and sin(arctan(w ) S , we have:
14+ w? 1+ w?

~



sin(@aréy)
cos(@xﬁy) sin[arctan[g]]
y T
CcoS [ arctan [—] y
T J
1 [m]
2
2
Y
Yy 1+[]
1+
1 Yy
2 2 Z
z Y
2 + 2 and ﬁ N ﬁ

S
o

S
o
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Given r = /2 + ¢ + 2> with r > 0, —180° <, <180°,and —90° < 0, , < 90°, since

[ 2 2
cos[arctan[ﬂ]] =—2 _ and cos[arctan[; = m—w,if 0,., = arctan[g] and
x 2 4 4 [ ty? [ 2 1?22 ' T
0. . = arctan[; , we have:
Va? + ¢
rcos(@w#q )COS(@IHZ)

y z
7 COS arctan[—]]cos[arctan[—
[ €T [IZ +yZ
2 2
T 7+
(\/x2+y2+z2) y

\/$2+y2 \/w2+y2+z2

2
JEp A " 2Ty
NN
x

cos(@mﬂz) =1,

So, we have r cos(@mﬂy )



X

[ 2 2
Obviously, since sin[arctan[g ] = L, cos[arctan[ i = Tty ,and
z 2 + o \/:L’2+y2 \/x2+y2+z2
. z z . y z
sin| arctan = ,if 0, = arctan|=| and §, = = arctan , we also
/ 2 4 4 ,

/x2+y2+z2 /:r2+y2

have:

Tsin(ﬁﬂy)cos(ﬂwgz) rsin(@

r rT—2z )
rsin [ arctan [Q]] cos [arctan [; i

rsin [ arctan [

2 2
Nzt +
(\/mz—l—yZ—&-zQ) 2y - = 2y 2] and (\/x2+y2+z2)+.
Va2 + 2 Wa? + 42 + 2 Vit + oy + 2P

2
m Y )LZ_/er y+Z2+
Y

So, we also have rsin(@l,_)y )cos(t%_}z) =y and rsin(@w_)z) = z such that:
rcos(ﬁmﬂy )cos(@waz ) x
rsin(@zﬂy )cos(@xﬁz) = |y

rsin(@maz) z
x x
yi = 1Y
z z

Therefore, all column vectors (a; Y, z) can be recovered by applying the Givens Rotation matrices associated with

the x row to the column vector (r, 0,0) where 7 = y/2? + y* + 2> and 7 > 0:

T ) z
T 3 2
) 1

Notice that the (7’7 0, . 0., ) coordinate system implied here is not the same as the traditional spherical

coordinate system ( 0,0, d)) . In the traditional spherical coordinate system, we have:



r = pcos(@)sin(qS)
= psin(&)sin(qﬁ)
= pcos(gb)

where p = 22 + 4% + 2%, 0° < 6 < 360° where @ is the angle measured from the positive z -axis (toward the

positive y -axis), and 0° < ¢ < 180° where ¢ is the angle measured from the positive z -axis (toward the

negative z -axis); however, what we have here is the following:

where r = /2 + y* + 2%, —180° < 0,, <180° where 0,_., is the angle measured from the positive z -axis

(toward the positive y -axis), and —90° < 6 = < 90° where 0, is the angle measured from the positive z -

axis (toward the positive z -axis).

Now, let’s rotate a column vector (x, Y, z) back to the z -axis so that we get the column vector (7’7 0, O) . In order to

do that, let’s first take a look at each inverse of these Givens Rotation matrices using augmentation and finding the
reduced row echelon forms ... which as you’ll see is very similar for each matrix. Remembering that

cos’ (0) + sin? (0) = 1 which implies that 1 — sin® (0) = cos? (0) , we have:
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cos(,,.) 0 —sin(6,_.)[1 0 0
0 1 0 010
sin(6,_,,) 0 cos(6,_,) |0 0 1
) 0 _sin(ﬂzéz) 1 00
COS(HJHZ ) cos (HJHZ )
0 1 0 0 1
sin(6, ,) 0 cos(6,_,) 0 0 1
0 _sin(&méz) 1 0
COS(Q"L‘*‘Z ) COS(QZ,HZ )

1 0 0 1

0 0 cos(@a,az)Jrsm (HQHZ) 75111(9@,%2) 0
’ COS(OJ:AZ ) COS(HZ*‘Z )

0 7sin(<91,%z) 1 0
COS(QI*)Z ) COS(@tz )

1 0 0 1
cos®(0,_, ) +sin®(0,_ )| sin(6,_,)

0 — 0
cos(@xﬁz ) cos(&zﬁz )
) sin(ﬁméz 1 00

7cos(ﬁzﬂz) cos(ﬂyﬁz)

0 1 0 0 10
00 1 _sin(&zﬁz) 01
COS(HJHZ ) COS(HJHZ )
sin(ﬂxﬂz) 1 0 0

COS(OJHZ) COS(HQHZ)
1 0 0 1 0
0 1 —sin(ﬁl,%z) 0 cos(@zﬁz)
2
0 0 1 _ = (0,..) 0 sin(6,_,)
cos(@xﬁz) cos(@xﬂz) '
10 0 1 0
0 1 —sin(HgHz) 0 COS(HJHZ)
J— 1 2
1 Losin’(0.) sin(6, )
cos(@xﬁz) '
0 0 0 1 0
0 1 —Sin(Hzﬁz) 0 cos(Hsz>
Z

1002 (9-..) 0 sin(6,_ )

coské—

010 0 1 0

0 01 fsin(ﬁl,az) 0 cos(@zéz)

1 00 cos(@xﬁz) 0 sin(ﬂzﬂz)

010 0 1 0

0 0 1|-sin(6,_,) 0 cos(6,_,)




cos(6,_,) —sin(6,_,) 0[1 0 0
sin(&may) COS(@IHy) 0{0 1 0

1(0 0 1

0

0

0 1 0|—sin(6_




Therefore, the inverse of each three-dimensional Givens Rotation matrix is simply the transpose of that matrix:

1 0 0 ! 1 0 0 ! 1 0 0
0 cos(@gﬁz ) —sin(@yﬂz ) = |0 COS(GZHZ ) —sin Qyﬂz ) = |0 cos(@yﬂz ) sin (ezwz )
0 sin(&gﬁz) COS(G;HZ) 0 sin(&yﬂz) cos(@lﬁz) 0 —sin(ﬂle) cos(@lﬁz)
cos(@mﬂz ) 0 —sin(@lrﬂz ) - cos (Hmﬂz ) 0 —sin(f ) ! cos(@mﬂz ) 0 sin (QQHZ )
0 1 0 = 0 1 0 = 0 1 0
sin(@maz ) 0 cos (HyHZ ) sin(@mez ) 0 cos (GQHZ ) —sin (HQHZ ) 0 cos (HQHZ )
COS(QJHy ) —sin(@xﬂ/ ) 0 - COS(QJHy ) —sin(@xﬂ/ ) 0 ! cos(@may ) Sin<91,*>y ) 0
sin(@mﬂy) cos(@mﬁy) 0 = sin(@mﬂy) cos(@mﬁy) 0 = —sin(@xﬁy) cos(@mﬁy) 0
0 0 1 0 0 1 0 0 1

and it shouldn’t be too hard to see that the inverse of each n -dimensional Givens Rotation matrix is also the
transpose of that matrix ... like it is for any other n -dimensional rotation matrix.

Also, if we consider rotations in the opposite direction where § = —¢ while remembering that cos ( fqﬁ) = COS(¢)

and sin(f¢>) = fsin(gb) , then we have:

1 0 0 1 0 0 1 0 0

0 cos (Hyﬁz ) sin(@yﬂz ) = |0 Cos(—gbyﬁfz ) sin(—éyﬁfz ) = |0 Cos(qﬁyﬂﬂ ) - sin(qﬁyﬁfz

0 —sin (Hyﬂz ) cos (Gy%z ) 0 —sin(—(byﬂfz ) cos(—qbnyZ ) 0 sin ((bnyz ) cos (q{)yﬁfz )

cos(@xﬁz ) 0 sin (QTHZ ) cos(—qﬁxﬁ% ) 0 sin (—gbma*z ) cos (qﬁzﬂfz ) 0 — sin(quﬁfz )
0 1 0 = 0 1 0 = 0 1 0

—sm(HTHZ ) 0 COS(@IHZ ) —sin(—quﬁfz ) 0 cos(—qﬁmﬁfz ) sm(qﬁTﬁfZ ) 0 cos (gbrﬂfz )

cos(ﬂyHy ) sm(@xHy ) 0 cos(—qSnyy ) Sin(—qSnyy ) 0 COS(%H y ) —sin(q/)lﬂ y ) 0

—sin(&aﬂy ) cos(t‘)xﬂ/ ) 0| = —sin(—q/)m%fy ) cos(—(bngU ) 0| = |sin{o,__, ) cos(tﬁgH y ) 0
0 0 1 0 0 1 0 0

We see that each inverse amounts to just rotating in the opposite direction. In other words, since
COS(*@) = cos(@) and sin(fﬁ) = fsin(H) implies that cos(@) = cos(fO) and sin(@) = fsin(fH) , wWe

have:

1 0 o 1 0 0 1 0 0

0 cos(éyﬁz ) —sm(&yﬁz ) = |0 cos(@yﬁz ) sin(@yﬁz ) = |0 cos(—@yﬁz ) —bin(—&yﬁz )

0 sin (Hyﬁz ) cos(@yﬂz ) 0 —sin (Hyﬁz ) cos (Hyﬁz ) 0 sin (—Qyﬂz ) cos(—@yﬁz )

cos(@xaz) 0 —sin(QQHZ) ! cos(@maz) 0 sin(@waz) COS(—QZHZ) 0 —sin(—HJHZ)
0 1 0 = 0 1 0 = 0 1 0

sin(&xﬁz) 0 cos(@mﬂz) —sin(@xﬂz) 0 cos(@xﬂﬁ sin(—OTﬁZ> 0 cos(—@mﬁz)

cos(&xﬁy ) —sin(@mﬂy ) 0 ! cos(@mﬂy ) sin(@mﬁy ) 0 cos(—Gmﬁy ) bm(—ﬁzﬂy ) 0

sin(@xﬂ/ ) cos(ﬂxﬂ/ ) 0 = —sin(ﬁwﬂ/ ) cos(@l,%y ) 0 = sin(—@aay ) cos(—ﬂij ) 0
0 0 1 0 0 1 0 0 1




Now, let’s use those inverse Givens Rotation matrices to rotate a column vector (:JE, Y, z) in those opposite

directions back to the x -axis so that we get the column vector (7’7 0, O) .

First, we’ll start by using all the Givens Rotation matrices in our established order ... and get rid of the ones that
don’t matter here:

3 2 1
T cos (HyHy ) — sin(&wﬂy ) 0 COS(QJHZ ) 0 —sin(@aHZ ) 1 0 0 r
y| = sin(@xﬂ/) cos(ﬂwﬂ/) 0 0 1 0 0 cos(@yﬁz) —sin(@yﬁz) 0
0 0 1 sin(&xéz) 0 COS(@,JEHZ> 0 sin(&yﬁz) cos(@yﬂz) 0
3 2 1
x cos(6,_,) —sin(6,_,) 0]fcos(,.) 0 —sin(6,_.)|[[1 0 0 r
y| = sin(@xﬁy) cos(@xﬁy) 0 0 1 0 0 cos(@y%z) —sin(@lﬁz) 0
0 0 1 sin(&mﬁz) 0 cos(ﬁzﬂj 0 sin(@yﬁz) cos(ﬁyﬂz) 0
3 2
T cos (HyHy ) - sin(&wﬂy ) 0 COS(QJHZ ) 0 —sin(@aHZ ) r
y| = |sin(6,_,) cos(6,_,) O 0 1 0 0
0 0 1| sin (HJHZ ) 0 cos (‘9tz ) 0

Next, remembering that the inverse of a rotation matrix is its transpose, then we have:

3 2
T COS(QJH:U) —sin(ﬂxﬂ/) 0 COS(GQHZ) 0 —sin(@wz) T
y| = sin(@wﬂy) Cos(ewﬂy) 0 { 0 1 0 J 0
z 0 0 1| sin (OQHZ ) 0 cos (QQHZ ) 0
Inverse of 3 )
cos(ﬂwﬂ/) —sin(HJHN 0) (2 tcos(t‘)xaz) 0 Sin(ﬁxH»J r
sin(ﬁwﬂ/) cos(@wﬂy) 0 y|= 0 1 0 0
0 0 1 2 sin (OQHZ ) 0 cos (QQHZ ) 0
Inverse of 2 Inverse of 3
COS(QJHZ) 0 —SiIl(@JHZ) - COS(HJH:U) —sin(@xﬂ/) 0) '« r
{ 0 1 0 ] sin(@wﬂy ) Cos(ewﬂy ) 0 y|=10
sin(&lr%z ) 0 cos (HQHZ ) 0 0 1 z 0
Inverse of 2 Inverse of 3

0 1 0 —sin(6,_,, ) cos(6,_,
—sin (6 0 0 1

wﬂz)

{COS((%HZ) 0 sin(@laz)J cos(ﬂwﬂ/) sin(@wﬂ/) 0

o
S )
Il
o o 3

0 cos(9

xﬂz)

Keeping in mind that cos(@) = cos(fO) and sin(@) = fsin(fH) , we have:



Inverse of 2

Inverse of 3

COS(HQHZ ) 0 Sin(HJHZ ) Cos(el,%y ) sin(@wﬂy ) 0
{ 0 1 0 Hsm(ahy) cos(6,_,,) 0
—sin(@waz) 0 COS(HJHZ ) 0 0 1
Inverse of 2 Inverse of 3
cos(fﬁdrﬂz) 0 fsin<70sz) cos(fﬁlHy ) fsin(fﬁmgﬁ 0
{ 0 1 0 ”sm (-0,.,) cos(-6,_,) ©
sin(—@wﬂz ) 0 cos ( —0,_,, ) 0 0 1
2for -0, 3for —0,_,
{COS((QLHZ)) 0 Sin((ewHZ))”COS(('ngy)) 7Sin(<70wﬂy)) 0
0 1 0 sin((=0,_,)) cos((—6,_,)) 0
sin((—@waz )) 0 Cos(<—9yHZ )) 0 0 1
Since 8 = —¢ implies —0 = ¢, we also have:
2 for —0, 3 for =6,
COS((_G'L‘%Z» 0 —Sin((—@]rﬂz)) COS((_GZ'HZ/)) _Sin(<_91'%y)) 0
0 1 0 ”sin((ﬂxﬁy)) cos((—@zﬁy)) 0
sin((—&xﬁz )) 0 cos((—@xﬁz )) 0 0
2foro,_,_, 3for ¢,

0 1 0
sin(gbmﬁfz ) 0

In other words, given a column vector (93, Y, z) , we can rotate that vector back to the z -axis by applying Givens

cos(gbl.éfz) 0 —Sin(%a—z)

cos (qﬁmﬁfz )

sin(¢, ,_,) cos(e,_,)
0 0

cos((bwafy) —Sin(q/)],ﬂ,y) 0

= O

Rotation matrices in the opposite order using the opposite angles. Instead of the following:

T Y z
T rT—=Y z—2z
Y y—z
z

z Y =z

T 3 2

Y 1

z




repeated again with subscripts to keep things clear:

T ) z
z forward 2forward
Y forward
z
we now have the following:
—T -y —z
T rT—= =Y z——z
) Yy — =z
z
—T -y —z
Z 1backward 2backward
Y 3backward
z

In terms of this new backward ordering and keeping in mind that ¢ = —6, we now have the following:



Bhackward 10T ¢y‘»72

I o

Lackwara £OT @5

0
0|y
1

1 0 0 cos(qﬁxafz) 0 —sin((bnyZ) cos(q/)méfy) —sin(quafy) 0
0 cos(¢,_.) —sin(g,_.) 0 1 0 sin(¢, ,_,) cos(¢,,_,) 0
0 sin(¢,__.) cos(¢,__.) |(sin(¢,..) O cos(¢,. .) 0 0 1
3packward 10T —6!/% 2} sckwara fOr =0, 1 pceward TOT —QHU
1 0 0 COS(_HJHJ 0 —sin(—&xﬂz> cos(—@xﬂ/) —sin(—@aHy> 0
0 cos(—Hy%Z) —sin(—GgHz) 0 1 0 sin(—@xﬁy) cos(—@zﬂy) 0
0 sin (—Hygz ) cos(—@yﬂz ) sin(—@mﬂz ) 0 cos (—Gmﬁz ) 0 0 1
Liorwara for —6,_, 24orward fOT =0, Bforward f0T —0,_,
0 0 cos(—Hmﬁ) 0 —Sin(—ﬁxﬂz) COS(—@xﬂy) —Sin(—emﬁy) 0
0 cos(—ﬁyﬁz) —sin(—Hyﬁz) 0 1 0 sin(—ﬁxﬂ/) cos(—@xﬂy) 0
0 sin(—@yﬁz) cos(—@yﬁz) Sin(—&maz) 0 cos(—ﬁl,ﬂz) 0 0 1
Inverse of 1p .4 for 6yﬂ Inverse of 2, for 0 Inverse of 3; . ..q for 61%
1 0 0 cos(@JHJ 0 sin(@tz) cos(ﬂwﬂ/) sin(@JHU
[0 COS(OZHZ) sin(&yﬂz )” 0 1 0 —sin(@mﬁy) cos(@lrﬂy)
0 —sin(&ygz) cos(@yﬂz) —sin(@xﬁz) 0 cos(@xﬁz) 0 0
Inverse of 3,4 for 0,
COS(OQHZ) 0 sin(@laz> cos(ﬂxﬁy) sin(@mﬁy) 0
—sin(@argz )sin(@le) cos(ﬂyaz) COS(GJHZ )bm(@yaz) —sin(@argy) COS(HJHZJ 0
—sin(@mﬁz)cos(%%z) —sin(@yﬁz) cos(@tﬂz)cos(ﬁyﬂz) 0 0 1
Inverse of 3,4 for 0,
cos(@xﬂz ) 0 sin(@maz ) cos(ﬁxﬂ/ ) sin(@way ) 0
—sin(@mﬁz ) sin(ﬂyﬂz ) cos (Gyﬁz ) cos(GTHZ )sin (Gyﬁz ) —sin(ﬁmﬂy ) cos (QJHy ) 0
—sin(&mﬁz)cos(Hyﬁz) —sin(@yﬁz) COS(HTHZ)COS(QZWZ) 0 0 1
So, we have:
cos(6,_,, )cos(6,_..) sin(6,_,, )cos(0, . ) sin(6,_,.)
—cos(0,_, )sin(0, . )sinEeH) —sin(0,_,)cos(6,_.) —sin(0,_, gbm(e 0,_.)+cos(0,_,)cos(0,_.) cos(0,_ )sin(0,_,)

After applying 0

y—z

= 0, we have:




cos(ﬁwﬂy )cos(&(rﬂ: 5111(‘9;Hy )cos(HHZ ) sin(ﬁwﬂz )
7cos(6_rav >iin(91ﬁz )Sin(()}/%z) - Sin(ﬁzﬂl )cos((ﬂyﬁz) 7sin(0_rﬂ/ )sin(ﬁ_rﬁg )sin((){uﬁz) + cos(&_rﬂ/ )cos(ﬂ]ﬁ:) cos(()_rﬁ: )Sin(()yﬁz)
7cos(0iHy )sm(@tﬂz )cos(@w~) + sin(é{Hy )sin(@yﬂz) 75111(9wﬂy )sin(dHZ )cos(ew) - cos(QZﬂy )sin(@yﬂs) COS(QHz )cos(ﬁyﬂZ
[ cos(f)_r u)coq(ﬂrﬁz sin(@_rﬁ”cos(ﬁrﬁl) sin(ﬁrﬁ:) ]
7c05( HJ)bln(& )5111(0)7sin(QHy)cos(0) 7sin(<9lHy)sin(6wH:)sin(O)+coa(0£ﬂy>cos(0) cos(&wﬂz)sin(o)
7coq( H})qm(er )coq( )+sin(€_rﬂ/>sin(0> 7sin(€IHy)sin(()rﬁz)coq(())7c0%( rﬂ/)sin([}) cos(f)_rﬁ:)cos(o)
wb(ﬁHJ)coza(H ) sin(@Hy)ws(ﬁHz) sin(&zﬂs)
7cos(9ray)qin( rﬁz)( )7€1n(9r 1/)(1) 7%1n( rﬁy)iln(ﬁ] )(O)+co€( rﬂ/)(l) cos(f)zﬁz)(o)
7COS(0;F‘*J)bln( )( +bm(0¢ y) 0) 7:’111( LHy)biIl(er‘}Z)(l)*COE( Hy)(o) cos(&wﬂ:)@)]
co@( ,HV>CO‘3<9, Z qln(F)Tﬁy)cm(G_rﬁz) qln(ﬁ_rﬁz)
— :am(ﬁr —y ) cos(@wﬂy ) 0
7coq( . )qm(&rﬁz) 7sin(6’_rﬁy>sin<91ﬁ:) cos(@zaz>
. z . Y x
Then after applying 6, = arctan[ ] and 0, = arctan[— , since cos[arctan[—]] =
T ImZ + yQ T $2 + y2
[ .2 2
sin arctan[g] = Yy N cos[arctan[ = Y , and
z 2 +y \/x2+y2 \/x2+y2+zz
. z
sin | arctan = , we have:
[ [ $2+y2 'Z'2+y2+22
COS(QHIJ )cos(&HZ ) sin(awﬂy )cos (91%3 ) sin (QH: )
—sin(0,,) cos(0,.,) 0
7cos(9_rﬁy)sin(ﬁzﬁz) 7sin((~)rﬁy)sin(9_rﬁz) cos(()ra:)
1 z . 1 2z z
cos arctan[i]]cos arctan[m sin arctan[%]]cos arctan[m bln[ar(,tdll[ m
—sin| arctan % co@{qrctan ¥ 0
Y1llg z z
7cos[arctan ;]}sm[arctan ﬁ 75111[arctan T]]blll arctdn[ m cos[arctan[ \/m
+ U l Y ][ V [ 2
M NI 27 W+ +2) W vy +2
_ Y z 0
eI 2+ 9P
B T z 7[ Y z [ \j.r? + y2
\/xz+y2 \/m2+y2+z2 \/12+y2 \/xz+y2+z2 \/m2+y2+z2
x y z
NE— N Ja 42 + 22
y T
[2 e [22 + e 0
B Tz B Yz \/xz + yQ
\/xz+y2\/12+y2+z2 \/xz+y2\/xz+y2+z2 \/$2+y2+22

Therefore, since r = 2% + y* + 2° , we have:



X

Ja? 4+ % + 22

Y

A 2 + y2

Tz

Y

X

\/:L’2 + y2

Yz

-
[+ + 2 .

0

[$2 +y2

7\/m2+y2\/x2+y2+z2 7\/m2+y2\/x2+y2+z2 \/m2+y2+z2

132

y2

22

+ +
\/x2+y2+z2 \/x2+y2+z2 \/x2+y2+z2

Ty
N vy Ay

+0

(\/va + y2 )z

_ s _ Y2z
\/x2+y2\/x2+y2+z2 \/z2+y2\/x2+y2+22 \/x2+y2+z2
2 4yt 4 22
0

—z2z — y2z + (x2 + y2)z

\/x2+y2\/x2+y2+z2
0
Y Gy A

\/IQ +y2\/x2 +y2 + 22
2 +y? + 22

0

0

o O 3

<

o




